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Abstract
Euclidean design (rotatable design) is one of the most important concepts concerning good
structures consisting of finitely many points in Rn . Optimal design is an important class of such
designs studied in statistics. In this paper we consider Euclidean tight 4-designs X in Rn which are
supported by a union S of 2 concentric spheres centered at the origin. We prove that if X is optimal
on S, then 0 ∈ X and X \ {0} is similar to a spherical tight 4-design.
© 2004 Elsevier Ltd. All rights reserved.
1. Introduction
Let Rn be the Euclidean space of dimension n over the field of real numbers. Let O(n)
be the orthogonal group of Rn . Let E be an O(n) invariant subset of Rn . We fix the set E
in what follows.
A pair (E, ξ) is called a design if ξ is a normalized measure on E , that is
∫
E dξ(x) = 1.
Any design (E, ξ) defines a positive semi-definite inner product
〈 f, g〉ξ =
∫
E
f (x)g(x) dξ(x)
on the vector space Pe(E) of the polynomials of degree at most e, in n variables, restricted
to E . We call a design (E, ξ) is of degree e if Pe(E) is positive definite with respect to
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〈 f, g〉ξ . Let m be the dimension of the vector space Pe(E). We fix a positive definite inner
product 〈−,−〉 on Pe(E). Let Ve be the volume of
{ f ∈ Pe(E) | 〈 f, f 〉 ≤ 1}.
Let e1, . . . , em be an orthonormal basis of (Pe(E), 〈−,−〉). Let (E, ξ) be a design. We
consider the volume Ve(ξ) of the ellipsoid
{ f ∈ Pe(E) | 〈 f, f 〉ξ ≤ 1}
in the inner product space (Pe(E), 〈−,−〉) we fixed above. Then Ve(ξ) < ∞ if and only
if the design (E, ξ) is of degree e. Let (E, ξ) be a design of degree e. Let f1, . . . , fm be an
orthonormal basis of (Pe(E), 〈−,−〉ξ ). Let Fξ be the matrix of the transformation defined
by ( f1, . . . , fm) = (e1, . . . , em)Fξ . Then
Ve(ξ) = |det(Fξ )|Ve.
A design (E, µ) is called an optimal design of degree e if Ve(µ) < ∞ and Ve(µ) ≤ Ve(ξ)
holds for any design (E, ξ) (cf [12,11] and [16]).
For a design (E, ξ), we define a symmetric matrix Mξ by
Mξ = (〈ei , e j 〉ξ ),
where {ei | 1 ≤ i ≤ m} is the basis of Pe(E) fixed above. Mξ is called the information
matrix. Then we have Mξ = t(F−1ξ )F−1ξ . Hence det(Mξ ) = det(Fξ )−2. Then we have
Ve(ξ) = det(Mξ )− 12 Ve.
Thus optimal design (E, µ) maximizes det(Mξ ) and consequently the definition of optimal
design of degree e does not depend on the choice of the positive definite inner product
〈−,−〉 of Pe(E) we chose at the beginning.
We call the subset Y ⊂ E satisfying ξ(Y ) = ξ(E) and ξ(E\Y ) = 0, the support of
(E, ξ). It is known that many optimal designs exist for any given E . The support of such a
design could be either a finite or infinite set.
We say that a design (E, ξ) is invariant under the action of O(n) if ξ(τ (Y )) = ξ(Y )
holds for any element τ ∈ O(n) and Y ⊂ E . It is also known that there always exists
an optimal design which is invariant under the action of O(n). The support of an O(n)
invariant optimal design is a union of finite number of concentric spheres centered at the
origin (see [15,17]). Optimal designs on unit balls are studied in [14].
In what follows we assume n ≥ 2 unless otherwise stated.
Definition 1.1. Let (E, µ) be an O(n) invariant optimal design of degree e. Let X be a
finite set contained in E . Let ω : X −→ R>0 be a positive real valued weight function
on X . If∫
E
f (x)dµ(x) =
∑
x∈X
ω(x) f (x)
holds for any polynomial f (x) of degree at most 2e, then we say (X, ω) represents (E, µ).
Remark. If (X, ω) represents an optimal design (E, µ), then (X, ω) itself is an optimal
design on E with finite support. However it is not invariant under O(n).
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We give some more notation. For a finite set X in Rn , let {r1, . . . , rp} = {‖x‖ | x ∈ X},
Si = {x ∈ Rn | ‖x‖ = ri } and S = ∪pi=1 Si . One of Si possibly consists of only the origin,
however we say that S is a union of p concentric spheres.
We have another important concept about the finite sets in Rn . (For more information
see [15,8]. Note that this concept is related to the concept of rotatable designs in
statistics [6].)
Definition 1.2. Let (X, ω) be a finite set in Rn with positive weight ω. Let t be a natural
number. We say (X, ω) is a Euclidean t-design if the following condition holds:
p∑
i=1
ω(Xi )
|Si |
∫
Si
f (x)dσi (x) =
∑
x∈X
ω(x) f (x) (1.1)
for any polynomial f (x) of degree at most t , where {Si , 1 ≤ i ≤ p} is the set of the
concentric spheres defined above and σi is a Haar measure on Si , |Si | =
∫
Si dσi (x) for
each i . Also Xi = X ∩ Si and ω(Xi ) = ∑x∈Xi ω(x) for each i . If Si = {0}, then we define
1
|Si |
∫
Si f (x)dσi (x) = f (0).
Remark. (1) If p = 1, S1 is the unit sphere Sn−1 and w ≡ 1 on X , then X is a spherical
t-design (see [7]).
(2) If 0 ∈ X , then X\{0} is also a Euclidean t-design.
If t is an even integer 2e, then it is easy to see that the cardinality |X | of a Euclidean
2e-design X is bounded below by dim(Pe(S)) (see [8]). If X satisfies |X | = dim(Pe(S)),
then X is called a tight 2e-design on p concentric spheres. Moreover if dim(Pe(S)) =
dim(Pe(Rn)) =
(
n+e
e
)
holds, then we say X is a Euclidean tight 2e-design. In particular,
if p = 1, w ≡ 1 on X and |X | = dim(Pe(Sn−1)) =
(
n+e−1
e
)
+
(
n+e−2
e−1
)
, then X is a
spherical tight 2e-design (see [7]). If p ≥ 2, then dim(P2(S)) = dim(P2(Rn)) =
(
n+2
2
)
.
Hence a tight 4-design on p concentric spheres with p ≥ 2 is a Euclidean tight 4-design.
Let Harml(Rn) be the vector space of all the homogeneous harmonic polynomials of
degree l. Let hl be the dimension of Harml(Rn) and {ϕl,k(x) | 1 ≤ k ≤ hl} be an
orthonomal basis of Harml(Rn) with respect to the inner product
〈 f, g〉σ = 1|Sn−1|
∫
Sn−1
f (x)g(x)dσ(x)
where σ is a Haar measure on the unit sphere Sn−1 in Rn . Then
Be(Rn) =
{
‖x‖2 jϕl,k(x) | 0 ≤ l ≤ e, 0 ≤ j ≤
[
e − l
2
]
, 1 ≤ k ≤ hl
}
is a basis of Pe(Rn), where [] is the so called Gauss symbol, i.e., [a] = max{m ∈ Z |
m ≤ a} for a real number a. Then we have the following proposition.
Proposition 1.3. Let (E, µ) be an O(n) invariant optimal design of degree e. Let X
be a finite subset of E. Assume (X, ω) represents (E, µ). Then (X, ω) is a Euclidean
2e-design.
182 E. Bannai, E. Bannai / European Journal of Combinatorics 27 (2006) 179–192
Proof. It is enough if we prove that Eq. (1.1) holds for any polynomial ‖x‖2 jϕl,k(x) in the
basis B2e(R) of P2e(R). Since (E, µ) is an O(n) invariant optimal design of degree e, we
have E = I × Sn−1 with I ⊂ [0,∞) and∫
E
f (x)dµ(x) =
∫
I
(
1
|Sn−1|
∫
Sn−1
f (rx)dσ(x)
)
dφ(r), (1.2)
for any polynomial f , where φ is a measure on I which has finite support. First we consider
the case l ≥ 1. Let ϕ be any homogeneous harmonic polynomial of degree l. Then by
Definition 1.1 and Eq. (1.2) we have∑
x∈X
ω(x)‖x‖2 jϕ(x) =
∫
E
‖(x)‖2 jϕ(x) dµ(x)
=
∫
I
r2 j+l
(
1
|Sn−1|
∫
Sn−1
ϕ(x) dσ(x)
)
dφ(r).
On the other hand, it is well known that l ≥ 1 implies∫
Sn−1
ϕ(x) dσ(x) =
∫
Si
ϕ(x) dσi (x) = 0
for any 1 ≤ i ≤ p (see [10,7]). Hence Eq. (1.1) is true for any ‖x‖2 jϕl,k(x) with
1 ≤ l ≤ 2e, 0 ≤ j ≤ [ 2e−l2 ] and 1 ≤ k ≤ hl . As for the polynomials of the form
‖x‖2 j in B2e(S) with 0 ≤ j ≤ e, i.e., the case l = 0, we can compute the left hand side of
Eq. (1.1) directly:
p∑
i=1
ω(Xi )
|Si |
∫
Si
‖x‖2 j dσi (x) =
p∑
i=1
ω(Xi )r
2 j
i =
∑
x∈X
ω(x)‖x‖2 j . (1.3)
This completes the proof. 
Definition 1.4. We call a weighted finite set (X, ω) in E an optimal Euclidean 2e-design
on E if it is a Euclidean 2e-design and represents an optimal design (E, µ) of degree e.
Moreover if (X, ω) is a Euclidean tight 2e-design, then we call (X, ω) an optimal Euclidean
tight 2e-design on E .
In this paper we consider the case when E is a union of exactly 2 concentric spheres
centered at the origin. We obtain the following main theorem.
Theorem 1.5 (Main Theorem). Let n ≥ 2 and S = S1 ∪ S2 be a union of 2 concentric
spheres in Rn centered at the origin. Let (S, µ) be an optimal design which is invariant
under the action of O(n). Let (X, ω) be an optimal Euclidean tight 4-design on S. Then
0 ∈ X and X\{0} is a spherical tight 4-design on the unit sphere (up to a similar
transformation). Moreover ω is constant on X.
In Section 2 we will give some basic facts about Euclidean 2e-designs and tight
Euclidean 2e-designs. In Section 3 we consider optimal designs on 2 concentric spheres.
In Section 4 we will give a proof of our main theorem.
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2. Euclidean 2e-designs
Notation is the same as given in Definition 1.2. Then the following theorems are known
(see [8]).
Theorem 2.1. Let (X, ω) be a Euclidean 2e-design. Then the following (1) and (2) hold:
(1) If 0 ∈ X, then |X | ≥ ∑2p−1i=0 ( n+e−i−1e−i ).
(2) If 0 ∈ X, then |X | ≥ 1 +∑2(p−1)−1i=0 ( n+e−i−1e−i ).
Proof. (1) Assume 0 ∈ X . Let S1, . . . , Sp be the concentric spheres centered at the origin
and S = ∪pi=1 Si as we defined in Section 1. Let f (x) ∈ Pe(S). Assume f (x) = 0 for any
x ∈ X . Then ∑x∈X ω(x) f (x)2 = 0 holds. Therefore we have
p∑
i=1
ω(Xi )
|Si |
∫
Si
f (x)2 dσi (x) = 0.
Since ω(Xi ) > 0, we have
∫
Si f (x)2dσi (x) = 0 for i = 1, . . . , p. Hence f (x) |S = 0. This
implies that the linear map Pe(S) −→ Pe(X) which sends f |S to f |X is injective. Hence
|X | ≥ dim(Pe(X)) = dim(Pe(S)). Moreover, since 0 ∈ S, the set
Be(S) =
{
‖x‖2 jϕl,k(x) | 0 ≤ l ≤ e,
0 ≤ j ≤ min
{[
e − l
2
]
, p − 1
}
, 1 ≤ k ≤ hl
}
(2.1)
is a basis of Pe(S) and dim(Pe(S)) = ∑2p−1i=0 ( n+e−i−1e−i ).
(2) Let 0 ∈ X . Since X\{0} is also a Euclidean 2e-design using the formula given in (1),
we obtain (2). 
Remark. If 0 ∈ X , then dim(Pe(S)) =
(
n+e
e
) = dim(Pe(Rn)) if and only if 2 p − 1 ≥ e.
If 0 ∈ X , then 0 ∈ S and
Be(S) =
{
‖x‖2 j | 0 ≤ j ≤ min
{[e
2
]
, p − 1
}}
∪{
‖x‖2 j ϕl,k(x) | 1 ≤ l ≤ e, 0 ≤ j ≤ min
{[
e − l
2
]
, p − 2
}
, 1 ≤ k ≤ hl
}
(2.2)
is a basis of Pe(S) and dim(Pe(S)) = dim(Pe(Rn)) if and only if 2 p ≥ e + 2.
The polynomials defined below are orthogonal polynomials called Gegenbauer
polynomials and they play an important role in the design theory, spherical or Euclidean
(see [10,7,1]).
Q0(y) = 1, Q1(y) = ny,
Ql+1(y) = n + 2ll + 1 y Ql(y) −
(n + l − 3)(n + 2l)
(l + 1)(n + 2l − 4) Ql−1(y).
(2.3)
The following lemma is well known [7,10,1].
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Lemma 2.2 (Addition Formula). Let {ϕl,k(x) | k = 1, . . . , hl } be an orthonormal basis of
Harml(Rn) and Ql (y) be the Gegenbauer polynomial defined by (2.3). Then the following
equation holds:
hl∑
k=1
ϕl,k(u)ϕl,k(v) = Ql((u, v)) (2.4)
for any unit vectors u, v ∈ Sn−1. Here (−,−) denotes the canonical inner product of the
vectors in Rn.
The following lemma is proved in [2] using the addition formula given above.
Lemma 2.3. Let (X, ω) be a Euclidean 2e-design on a union S of p concentric spheres
possibly 0 ∈ X. Assume |X | = dim(Pe(S)). Then the following hold:
(1) Weight function ω is constant on each Xi .
(2) For any i , 1 ≤ i ≤ p, Xi is an at most e-distance set, that is, |{‖u − v‖ | u, v ∈
Xi , u = v}| ≤ e holds.
(3) If ω is constant on X \ {0}, then |{i | ri > 0}| ≤ e.
The following theorem is also proved in [2].
Theorem 2.4. Let n ≥ 2 and (X, ω) be a Euclidean tight 4-design in Rn. Assume ω is
constant on X \ {0}. Then 0 ∈ X and X\{0} is similar to a spherical tight 4-design.
Before closing this section we give one more tool. Let (X, ω) be a Euclidean 2e-design.
Let S be the union of p concentric spheres associated to (X, ω). We consider an inner
product on Pe(S) defined by the following way:
〈g, h〉l =
∑
x∈X
ω(x)‖x‖2l g(x)h(x).
Since {1, ‖x‖2, . . . , ‖x‖2 min{[ e2 ],p−1}} is linearly independent in Pe(S), we can apply
GramScmidt’s method of orthonormalization to {1, ‖x‖2, . . . , ‖x‖2 min{[ e2 ],p−1}} for each l.
Thus we can construct polynomials {gl, j (T ), 0 ≤ j ≤ min{[ e2 ], p − 1}} of one variable T
satisfying deg(gl, j (T )) = j and∑
x∈X
ω(x)‖x‖2l gl, j1(‖x‖2)gl, j2(‖x‖2) = δ j1, j2 (2.5)
for each l. Let Bge (S) be the set of polynomials obtained by replacing every ‖x‖2 jϕl,k in
the basis Be(S) by gl, j (‖x‖2)ϕl,k . Then Bge (S) is a basis of Pe(S).
See [5,3,4,1] for tight spherical 4-designs. Note that in the proof of Theorem 2.4 (which
is given in [2]), the results of Larman–Rogers–Seidel [13] and Einhorn–Schoenberg [9]
played important roles.
3. Optimal design of degree 2 on 2 concentric spheres
Let S = S1 ∪ S2 ∪ · · · ∪ Sp be a union of p concentric spheres in Rn centered at the
origin. Let ξ be an O(n) invariant measure on S. Assume (S, ξ) be a design. Then there
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exist positive real numbers W1, W2, . . . , Wp satisfying∫
S
f (x) dξ(x) =
p∑
i=1
Wi
|Sn−1|
∫
x∈Sn−1
f (ri x) dσ(x).
We call Wi the weight of the i -th sphere Si . Here ri is the radius of Si for i = 1, . . . , p.
Since ξ is a normalized measure
p∑
i=1
Wi = 1 (3.1)
holds. Let Mξ be the information matrix of the design (S, ξ) with respect to the basis
Be(S). The entries of Mξ are given by the following manner. If 0 ∈ S, then we have
〈‖x‖2 j1ϕl1,k1 , ‖x‖2 j2ϕl2,k2 〉ξ = δk1,k2δl1,l2
p∑
i=1
r
2( j1+ j2+l1)
i Wi , (3.2)
for any ‖x‖2 j1ϕl1,k1 , ‖x‖2 j2ϕl2,k2 ∈ Be(S). If 0 ∈ S, then we have
〈‖x‖2 j1ϕl1,k1 , ‖x‖2 j2ϕl2,k2 〉ξ
=


1 if j1 = j2 = l1 = l2 = 0
(hence k1 = k2 = h0 = 1),
δk1,k2δl1,l2
p∑
i=1
r
2( j1+ j2+l1)
i Wi if j1 + j2 + l1 + l2 ≥ 1,
(3.3)
for any ‖x‖2 j1ϕl1,k1 , ‖x‖2 j2ϕl2,k2 ∈ Be(S). In both cases let Mξ,l,k be the matrix whose
( j1, j2) entry is defined by
Mξ,l,k ( j1, j2) = 〈‖x‖2 j1ϕl,k , ‖x‖2 j2ϕl,k〉ξ ,
for ‖x‖2 j1ϕl,k , ‖x‖2 j2ϕl,k ∈ Be(S). Then Mξ,l,k1 = Mξ,l,k2 holds for any 1 ≤ k1, k2 ≤ hl .
We denote this matrix by Mξ,l . Then Eqs. (3.2) and (3.3) imply
det(Mξ ) =
e∏
l=0
det(Mξ,l )hl .
Optimal designs are given by the weights W1, . . . , Wp which give the maximum value of
det(Mξ ).
Now we restrict our attention to optimal designs of degree 2 on 2 concentric spheres.
Lemma 3.1. Let S = S1∪S2 be a union of 2 concentric spheres. Then the following hold:
(1) If S2 = {0}, then W1 = n(n+3)(n+2)(n+1) and W2 = 2(n+2)(n+1) .
(2) If 0 ∈ S, let 0 < r2 < r1 and r22 = ar21 . Then there exists a unique optimal design
(S, µ). The weight W = W1 of S1 is determined as the unique solution of the equation
Gn,a(W ) = 0 on the interval (0, 1), where
Gn,a(y) = (n + 2)(n + 1)(a + 1)(1 − a)2y3
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+ (1 − a)(6na2 + 2n2a2 + 6a2 + n2a + 2a + na − 3n − n2)y2
− a(n2 − n2a2 + 2a − 6a2 + n + 2na − 3na2)y − 2a3. (3.4)
Proof. First we assume 0 ∈ S, that is, S = S1 ∪ {0}. Let r = r1 be the radius of S1. Let
W = W1. Then W2 = 1 − W and 0 < W < 1 hold. Then Mξ,l , l = 0, 1, 2, are given by
Mξ,0 =
(
1 r2W
r2W r4W
)
, Mξ,1 = (r2W ), Mξ,2 = (r4W ). (3.5)
Since h0 = 1, h1 = n and h2 = (n+2)(n−1)2 we obtain
det(Mξ ) = r4(W − W 2)(r2W )n(r4W ) (n+2)(n−1)2 = r2n(n+2)(1 − W )W n(n+3)2 .
Then for each fixed r , det(Mξ ) takes its maximum value when W = n(n+3)(n+2)(n+1) . Then
W2 = 1 − W = 2(n+2)(n+1) .
Next we consider the case when 0 ∈ S. Let W = W1. Then W2 = 1 − W and we have
Mξ,0 =
(
1 r21 W + r22 (1 − W )
r21 W + r22 (1 − W ), r41 W + r42 (1 − W )
)
,
Mξ,1 =
(
r21 W + r22 (1 − W )
)
, Mξ,2 =
(
r41 W + r42 (1 − W )
)
.
Let Ri = r2i , i = 1, 2. Since 0 < a < 1 holds, we have
det(Mξ ) = det(Mξ,0)det(Mξ,1)ndet(Mξ,2) (n+2)(n−1)2
= Rn2+2n1 (1 − a)2W (1 − W ) (a + (1 − a)W )n
(
a2 + (1 − a)2W
) (n+2)(n−1)
2
.
(3.6)
Let
Hn,a(y) = y(1 − y) (a + (1 − a)y)n
(
a2 + (1 − a2)y
) (n+2)(n−1)
2
. (3.7)
If the weight W of a design (S, ξ) attains the maximum value of Hn,a(y) on the interval
[0, 1], then (S, ξ) is an optimal design. Since Hn,a(0) = Hn,a(1) = 0 and Hn,a(y) > 0
for 0 < y < 1, Hn,a(y) attains a maximum value at some points y in (0, 1). We will prove
that there is a unique point y ∈ (0, 1) which gives the maximum. We have
dHn,a(y)
dy
= −1
2
(a + y − ya)n−1(a2 + y − ya2) (n+2)(n−1)2 −1Gn,a(y).
Since (a + y − ya)(a2 + y − ya2) > 0 holds for any y ∈ (0, 1), it is enough if we
prove that Gn,a(y) = 0 has a unique solution in (0, 1) for each fixed n and a. Since
Gn,a(0) = −2a3 < 0, and Gn,a(1) = 2 > 0, it has at least one solution. We have
d2Gn,a(y)
dy2
= 6(n + 2)(n + 1)(a + 1)(a − 1)2y
− 2(1 − a)(n2 + 3n − 6na2 − 2n2a2 − 6a2 − 2a − n2a − na). (3.8)
Then d
2Gn,a (y)
dy2 = 0 at y = y0 = −(a+1)(2a−1)n
2−(6a2+a−3)n−2a(3a+1)
3(n+2)(n+1)(1−a2) . Since
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d2Gn,a(y)
dy2
∣∣∣∣∣
y=1
= 2(1 − a)
(
(2 + n2 + n)a + 6 + 2n2 + 6n − na2(n + 3)
)
> 0,
we obtain y0 < 1.
First we assume y0 ≤ 0. Then inequalities
dGn,a(y)
dy
∣∣∣∣
y=1
= (1 − a)(a + 1)n2 + (3 + a)(1 − a)n + 6 − 2a > 0
and Gn,a(0) < 0 < Gn,a(1) imply Gn,a(y) = 0 has a unique solution in (0, 1).
Next we assume 0 < y0 < 1. Then dGn,a(y)dy is decreasing on (0, y0) and increasing on
(y0, 1). Then 0 < y0 implies −(6n + 2n2 + 6)a2 − (n2 + n + 2)a + n(n + 3) > 0. Hence
for any n > 1, we can show
0 < a <
−n2 − n − 2 +√(n + 2)(9n3 + 32n2 + 37n + 2)
4(n2 + 3n + 3) <
3
4
.
Then we have
dGn,a
dy
∣∣∣∣
y=0
= a((n2 + 3n + 6)a2 − (2n + 2)a − n2 − n)
< a
(
(n2 + 3n + 6) 9
16
− n2 − n
)
< 0
for any n > 3. For n = 3 or n = 2 we can show by direct computations that dGn,ady |y=0 < 0
holds. Thus for any n > 1, we have dGn,ady |y=0 < 0. This inequality together with the facts
dGn,a
dy |y=1 > 0 and Gn,a(0) < 0 < Gn,a(1), implies that there is a unique solution of
Gn,a(y) = 0 in (0, 1). This implies Lemma 3.1. 
4. Optimal Euclidean tight 4-design on 2 concentric spheres (Proof of the main
theorem)
Proposition 4.1. Let (S, µ) be the unique optimal design defined on S = S1 ∪ S2. Let
(X, ω) be an optimal Euclidean 4-design on S. For a real number λ > 0 let S′ = λS,
S′i = λSi , i = 1, 2, and X ′ = λX. Let (S′, µ′) be the unique optimal design on S′. Then
(X ′, ω′) is an optimal Euclidean 4-design on S′, where ω′(λx) = (x) for x ∈ X.
Proof. If 0 ∈ S, then Proposition 4.1 is obvious. Assume 0 ∈ S. Let Wi , i = 1, 2 be the
weights of Si , i = 1, 2 determined by Gn,a(W1) = 0. Let r ′i be the radius of S′i . Then
r ′i = λri and we have r ′22 = (λr2)2 = a(λr1)2 = ar ′12. Therefore the weight assigned to
the spheres S′i , i = 1, 2, are also given by the solution W1 of the equation Gn,a(W1) = 0.
Let f (x) be a homogeneous polynomial of degree l ≤ 4. Then∫
S ′
f (x) dµ′(x) = W1|Sn−1|
∫
Sn−1
f (r ′1x) dσ(x) +
W2
|Sn−1|
∫
Sn−1
f (r ′2x) dσ(x)
= r
′
1
l W1
|Sn−1|
∫
Sn−1
f (x) dσ(x) + r
′
2
l W2
|Sn−1|
∫
Sn−1
f (x) dσ(x)
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= λl
(
r l1W1
|Sn−1|
∫
Sn−1
f (x) dσ(x) + r
′
2
l W2
|Sn−1|
∫
Sn−1
f (x) dσ(x)
)
= λl
∫
S
f (x) dµ(x) = λl
∑
u∈X
ω(u) f (u) =
∑
u∈X
ω(u) f (λu)
=
∑
u′∈X ′
ω′(u′) f (u′).
This completes the proof. 
Next we consider the case 0 ∈ S for a while. Let (S, µ) be the optimal design
obtained in Lemma 3.1(2). Proposition 4.1 implies that we may assume R1 = r1 = 1
and R2 = r22 = a < 1. Let W = W1 be the weight of S1(=Sn−1). Then weight W2 of S2 is
given by W2 = 1− W . Let (X, ω) be an optimal Euclidean tight 4-design which represents
(S, µ). Then, by Lemma 2.3, the weight function ω is constant on each Xi for i = 1, 2. Let
ω(u) = ωi for u ∈ Xi , i = 1, 2. Since ∑u∈X ω(u) = 1, we have ω1|X1| + ω2|X2| = 1.
We also have∑
u∈X
ω(u)‖u‖2 j =
∑
u∈X1
ω(u) +
∑
u∈X2
ω(u)a j = ω1|X1| + a j (1 − ω1|X1|) (4.1)
for j = 1, 2. On the other hand since (X, ω) is an optimal Euclidean 4-design on S and
r1 = 1, we have∑
u∈X
ω(u)‖u‖2 j =
∫
S
‖x‖2 j dµ(x) = W + r2 j2 (1 − W ) = W + a j (1 − W ) (4.2)
for j = 1, 2. Hence 0 < a < 1 implies W = ω1|X1|. Thus the weight function of X is
given by
ω(x) = W|X1| for x ∈ X1 and ω(x) =
1 − W
|X2| for x ∈ X2. (4.3)
Note that W is determined uniquely by Eq. (3.4).
Let gl, j (T ) be the polynomial in T of degree j defined for each 0 ≤ l ≤ e at the end of
Section 3. Then Eq. (2.5) for e = p = 2 implies
2∑
i=1
Wi Rli gl, j1(Ri )gl, j2(Ri ) = δ j1, j2 (4.4)
for 0 ≤ l ≤ 2, 0 ≤ j1, j2 ≤ [ 2−l2 ]. Then we have
Bg2 (S) =
{
gl, j (‖x‖2)ϕl,k(x) | 0 ≤ l ≤ 2, l ≤ k ≤ hl , 0 ≤ j ≤ min
{
1,
[
2 − l
2
]}}
.
Let Mg be a matrix whose rows and columns are indexed with X and Bg2 (S) respectively.
The (u, gl, j ϕl,k)-entry Mg(u, gl, jϕl,k) of Mg is defined by
Mg(u, gl, j ϕl,k) =
√
ω(u)gl, j (‖u‖2)ϕl,k(u). (4.5)
We have the following proposition.
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Proposition 4.2. Let 0 ∈ S and (X, ω) be an optimal Euclidean tight 4-design on S given
as above. Then the following hold:
(1) t Mg Mg = Mg t Mg = I .
(2) W = a(P1(n, |X1|, a) −
√
P2(n, |X1|, a))
−2(1 − a)P3(n, |X1|, a) , where P1(n, x, T ), P2(n, x, T ) and
P3(n, x, T ) are polynomials defined by the following equations:
P1(n, x, T ) = 4(x − 1)T 2 + 2(n + 1 − x)T + n2 + n − 2x, (4.6)
P2(n, x, T ) = 4(n + 1 − x)2T 2 + 4(−2x2 + (n2 + 3n + 2)x + n3 − 5n)T
+ (n2 + n − 2x)2, (4.7)
P3(n, x, T ) = 2(x − 1)T 2 + 2nT + (n + 3)n − 2x . (4.8)
(3) Let F(n, x, T ) be the polynomial in 3 variables n, x, T defined by
F(n, x, T ) = (x − 1)(2x − n2 − 3n − 2)2T 3
− 2x(x − n − 1)(2x − n2 − 3n − 2)T 2
− x(2x − n − n2)(2x − n2 − 3n − 2)T + 2x2(2x − n2 − 3n). (4.9)
Then F(n, |X1|, a) = 0 holds.
Proof. (1) Eq. (4.4) implies
( t Mg Mg)(gl1, j1ϕl1,k1 , gl2, j2ϕl2,k2)
=
∑
u∈X
ω(u)gl1, j1(‖u‖2)ϕl1,k1(u)gl2, j2(‖u‖2)ϕl2,k2(u)
=
∫
S
gl1, j1(‖x‖2)ϕl1,k1 (x)gl2, j2(‖x‖2)ϕl2,k2 (x) dµ(x)
= δl1,l2δk1,k2
2∑
i=1
Wi Rl1i gl1, j1(Ri )gl2, j2(Ri ) = δl1,l2δk1,k2δ j1, j2 . (4.10)
Eq. (4.10) implies that t Mg Mg = I . Since Mg is a square matrix, Mg is invertible and
Mg t Mg = I .
(2) Using the addition formula Eq. (2.4) compute the diagonal entry of Mg t Mg and we
obtain
1 = ω(u)
2∑
l=0
min{1,[ 2−l2 ]}∑
j=0
gl, j (‖u‖2)2
hl∑
k=1
ϕl,k(‖u‖2)2
= ω(u)
∑
0≤l≤2,0≤ j≤min{1,[ 2−l2 ]}
‖u‖2l gl, j (‖u‖2)2 Ql(1) (4.11)
for any u ∈ X . Let u ∈ X1 ⊂ S1 = Sn−1. Then ‖u‖ = 1 and ω(u) = W|X1| hold. Then the
Eqs. (2.3), (4.4) and (4.11) imply
190 E. Bannai, E. Bannai / European Journal of Combinatorics 27 (2006) 179–192
1 + 1 − W
W
+ n
(1 − a)W + a
+ 1
(1 − a2)W + a2
(n + 2)(n − 1)
2
− |X1|
W
= 0. (4.12)
Eq. (4.12) implies
W = a
(
P1(n, |X1|, a) ± √P2(n, |X1|, a)
)
−2(1 − a)P3(n, |X1|, a)
where P1(n, x, T ), P2(n, x, T ) and P3(n, x, T ) are the polynomials defined above.
Assume 1 ≤ x ≤ (n+2)(n+1)2 − 1 = n(n+3)2 and 0 < T < 1. Then we have
P2(n, x, T ) − P1(n, x, T )2 = 8T (x − 1)(1 − T )(2T 2(x − 1)
+ 2nT + n2 + 3n − 2x) > 0. (4.13)
It is also easy to see that P3(n, x, T ) > 0 and P2(n, x, T ) > 0 hold. Since 0 < W < 1
inequality (4.13) implies
W = a(P1(n, |X1|, a) −
√
P2(n, |X1|, a))
−2(1 − a)P3(n, |X1|, a) . (4.14)
(3) Substitute W obtained above in the equation Gn,a(W ) = 0 given in Lemma 3.1. Then
we obtain F(n, |X1|, a) = 0. 
Now we go back to the general situation and prove the following proposition.
Proposition 4.3. Let (X, ω) be an optimal Euclidean tight 4-design on a union S of 2
concentric spheres centered at the origin. Then ω is constant on X.
If we prove Proposition 4.3 then Theorem 2.4 implies our main result. In the rest of this
section we give the proof of Proposition 4.3.
Proof of Proposition 4.3 for the case 0 ∈ S. We assume 0 ∈ S. Let (S, µ) be the optimal
design obtained in Lemma 3.1(1). Let (X, ω) be an optimal Euclidean tight 4-design which
represents (S, µ). Then X1 = S1 ∩ X has exactly n(n+3)2 points and has to be similar to a
spherical tight 4-design. Lemma 2.3 implies that w(x) is constant on X1. Let ω1 = ω(x),
x ∈ X1. Then apply the equation in Definition 1.1 for f (x) = 1(constant) to obtain
1 =
∫
S
1 dµ(x) =
∑
x∈X
ω(x) = ω1|X1| + ω(0) = n(n + 3)ω12 + ω(0).
Hence we have
ω(0) = 1 − n(n + 3)ω1
2
.
Then apply the equation in Definition 1.1 to f (x) = ‖x‖2 we obtain
n(n + 3)
(n + 2)(n + 1)r
2 =
∫
S
‖x‖2 dµ(x) =
∑
x∈X
ω(x)‖x‖2 = n(n + 3)ω1r
2
2
.
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Hence we have
ω1 = 2
(n + 2)(n + 1) =
1
|X | and ω(0) = 1 −
n(n + 3)ω1
2
= 1|X | .
This shows that the optimal Euclidean tight 4-design (X, ω) on S has a constant
weight. 
Proof of Proposition 4.3 for the case 0 /∈ S. Let
W (n, x, T ) = T (P1(n, x, T ) −
√
P2(n, x, T ))
−2(1 − T )P3(n, x, T )
where P1(n, x, T ), P2(n, x, T ) and P3(n, x, T ) are given by Eqs. (4.6)–(4.8) respectively.
Then we have
(n2 + 3n + 2)W (n, x, T ) − 2x
= 1
2(1 − T )P3(n, x, T ) ((n
2 + 3n + 2)T√P2(n, x, T )
− 4x(1 − T )P3(n, x, T ) − (n2 + 3n + 2)T P1(n, x, T )). (4.15)
We also have
((n2 + 3n + 2)T√P2(n, x, T ))2 − (4x(1 − T )P3(n, x, T )
+ (n2 + 3n + 2)T P1(n, x, T ))2 = 8(1 − T )P3(n, x, T )F(n, x, T ). (4.16)
Therefore Eqs. (4.15) and (4.16) imply that W (n, x, T ) = 2x
(n+2)(n+1) holds if and
only if F(n, x, T ) = 0. If (X, ω) is an optimal Euclidean tight 4-design, then, by
Proposition 4.2(3), we have F(n, |X1|, a) = 0. Hence Proposition 4.2(2) implies W =
W1 = W (n, |X1|, a) = 2|X1|(n+2)(n+1) = |X1||X | . Hence, by Eq. (4.3) we have ω(x) = 1|X | for
any x ∈ X . 
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